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Abstract 

A systematic study of duahty properties of string characters associated with 
the transverse space-time rotations is undertaken. Although yet restricted 
to the perturbative spectrum, our work shows that these characters, already 
considered earlier as a book-keeping device for the free string quantum num- 
bers, are useful tools in connection with the current developments of string 
duality ideas. In particular, the 0(8) triality properties of the characters 
for critical superstrings, show that there exists a third formulation (unno- 
ticed so far to our knowledge) equivalent to, but different from the ones of 
Neveu-Schwarz-Ramond, and Green-Schwarz. For the bosonic modes, modu- 
lar invariance requires that one also takes the trace over the total momentum, 
in contrast to what was done earlier. Although we do not consider super- 
characters, the consequences of supersymmetry are neatly derived at once for 
all massive states by factorising the character of the long SUSY multiplet. 



^Unite Propre du Centre National de la Recherche Scientifique, associee a I'Ecole Nor- 
male Superieure et a I'Universite de Paris-Sud. 
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1 Introduction 

In string theories, the torus partition functions, which are of the type 

P(go) = Tr{go^»-igo^°-i} 

are familiar objects which count the degeneracy of each mass level. Their 
modular properties are well known. In light-cone approach, the trace is taken 
over the D — 2 transverse string modes which obviously span a reducible 
representation of the transverse rotations 0{D — 2). The point of the present 
work is to study the associated characters, which are natural generalisations 
of the partition functions just mentionned. We shall thus follow a path 
already travelled earlier [g]. But we have undertaken to study the duality 
properties of these characters which is a novel viewpoint to our knowledge. 

In general, let G be a Lie group, with elements noted g. As is well known, 
it is useful to consider the trace 

Xrep. Trj-ep. 

where g is a particular element in a given representation. For the case we 
will consider, we may assume that g is diagonalisable, and write 

g = u [e ^M=i ^ M 



where N is the rank of G, and Ti^ are generators of the commutative Cartan 
subalgebra of G. Therefore 

Xrep. = XrepXvi, ...,Vn)= Tr^cp. je^''* ^^=1 ''''■^'^ 
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Characters are functions of variables that completely characterise the rep- 
resentation. They are very nice tools, since being given by a trace, they do 
not depend upon the explicit realisation. It is hardly necessary to emphasize 
their importance in many fields of mathematics and theoretical physics. In 
string theories, they have so far been used as a powerful tool to study the 
representation content of string theories]^. We will see that to study their 
duality properties gives a novel insight. In particular the 0(8) triality of 
superstring characters, will lead US, cLS cL by-product, to a "third" formalism 
equivalent to but different from the NS-R and GS ones. 

Although the present work will remain strictly at the perturbative level 
for standard string theories, our motivation is the hope to go far beyond. 
Our future aim is to use characters as a book-keeping device of latest exten- 
sions/generalisations of string theories. Indeed, they provide more precise 
informations about the theories than partition functions, but are still in- 
sensitive to the details of the dynamics so that we may hope to determine 
them exactly even non perturbatively. Being independent from the explicit 
realisations of multiplets, they allow in principle to handle perturbative and 
non perturbative states on the same footing. Another motivation is that the 
modular transformations we will study are notoriously rigid properties which 
mix all the states, and thus could give a handle on non BPS states. In this 
connection, let us note that, we define modular invariant characters, in con- 
trast with the previous studies [0]. This is achieved by suitably integrating 
over the transverse total momentum, as explained in section 3. 

2 Chiral bosonic characters with zero trans- 
verse momenta. 

2.1 Calculation 

A Lorentz vector V in D dimensions is represented by 

V^, IJ=l,...D-2, = {V^ ±V^-^)/2. 

In our perturbative situation we sum up0 over physical free string states 
with = 0. We use the light-cone formalism and only introduce string 
modes with transverse components. There is an obvious invariance by the 

^repeating the discussion of refs.[^ for completeness, 
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corresponding 0{D — 2) group. We shall only consider critical strings so that 
D is even, and we let N = {D — 2)/2. The string states span a reducible 
representation of 0{D — 2) = 0{2N) = D^. The oscillator part|^ of the 
generators isQ 

-M^'^ = E-(«-n«n-«-n<) (2-1) 
n>l 

At this point we only consider one type of movers. In order to make contact 
with the usual Cartan basis of Dat (see appendix A) it is useful to split the 
coordinates in two sets with indices ±/i, with fi = 1, . . . , N. It is convenient 
to introduce, for > 

C^ = i=K-2a-'^), c;'' = ^K + ^cy;n■ (2.2) 

Clearly, for arbitary fi, u, 

Cm-iCn ~ '^^lJ.,—v^m,—n) (Cm) ~ C-m- (2-3) 

A set of commuting rotations is obtained by considering Ai^'"'^ fi = 
1, . . . , N. The corresponding Cartan generators are to be defined as = 
^ijlif^-t^^ that is 

n, = Y.-iCiiQ-enC-n, l<f^<N (2.4) 

n>l 

These generators obviously commute also with the Virasoro generator of 
transverse modes 



n>l 

So one defines 



N 



n Tr„ <! n ^-"^""^ \ . (2.5) 

n>l 1^*=! 



■^Here we are not concerned about the zero modes which are not summed over. This 
will be done in section 3. 

"^Our conventions coincide with the ones of Green, Schwarz, Witten|^]. 
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A straightforward computation gives 



N ^ ^ 

X(gO I gi, . . . , = n n l_,n,„l_(,n/,,y (2.6) 



fj.=l n>l 



2.2 Connection with the universal character of the hn- 
ear group: 

The representation content of this string spectrum is exhibited by expand- 
ing this character as a sum of irreducible characters of Dn- Moreover 
one knows that the massive string states actually span representations of 
0{N + 1) = Bjy, and it should be possible to recombine sums of irreducible 
Dn characters into irreducible Bm onesQ. This has been discussed in refs.0 
using the orthogonality properties of irreducible characters. Without go- 
ing through a full discussion we next describe other powerful mathematical 
tools 0], 0, 0, p, which are handy in this connection, and should be useful 
in the future. First, there is a direct connection between Eq. p.6| and the 
so called characteristic polynomials associated with or Bn- They are 
defined by 

N N 

'PdM = 11(1 - t,z){l - trh), <PbA^) = (1 - ^) 11(1 - t,z){l - ti^z) 

i=l i=l 

where the dependence upon ti, ■ ■ -, In is understood, but not written. On 
the other hand, it is also useful to make use of 

M 

4'GLiM)iz) = 11(1 - ^i^)- 

i=l 

In the proof of the so called Littlewood's lemma the following relation was 
derived in ref.|0]: 

n 7 77^ = E x%^^^^^\qi, ■ ■ ■ qM)x^ft\^^'^\zi, . . . zm). (2.7) 

The symbols [p\ = [/^i, /i2, ■ ■ ■] are defined so that yUi > /i2 > • ■ ■ > 0, with 
a finite number d{'fi) (called the depth) being non zero. These symbols of 

'^A priori one expects that this should be possible only at the critical dimension where 
N = 12. However, as already argued in refs.H this is also true for general N . 
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course characterise Young diagrams. The GL{M) characters are given by 
Schur functions which, among other ways, may be defined by 



det 



GL(M), . 

X[fi] [Qi, (l2, ■ ■ ■ Qm) 



"i+M-l 



U2+M-2 
HI 

H2 H2 



(M1+A/-1) 
HM 


(M2+Af-2) 
HM 










. 1 




det 




H2 


1 








(M-2) 

1m ■■ 


. 1 





(2.8) 



In this formula and throughout the article, means Qj to the power fc, for 
any lower index j. The stringy character Eq.^]6| may be written as 



x{qo I 



. = n 



n 



where we have defined 



/o = n(i-%")- 

n>l 



/on 



n> 



1 0Biv(C; 



(2.9) 



We start with a cutoff M on the mode number, and consider 



X^-*^(goki, ...giv) 



nn^ 

v=l m=l 



1 



n 



The particular pairing between the terms (g^, and g~^) obviously come from 
the orthogonality condition. In order to use Eq. |2.7| , we first relax this condi- 
tion and expand into irreducible characters of GL{2N). If we introduce, in 
general, the GL{P) stringy character 



X 



GL{P),M 



P M 



(golgi, qp) = l[l[ Y 

u=l m=l 



q6qv 



we have 



X [qo\qi, ■ ■ -qN) = X [qo\qi, ■ ■ -qN, qi y.-.q^), 
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Xiqo ki, • • • gTv) = lim x''''^'^^''^(go I gi, • • • Qn, • • • qN^)- (2.10) 

M^oo 

So we concentrate first on the GL character. We only need 

^GL{P),M I _ _ _ ^ fQj. p ^ ]\^^ gQ ^J^g^l; T^oy ^^yHB, 

x^'''^^'\qo I gi, . . . , qp) = Pm,p (x^"(^)'^(go I gi, . . . , gM)) , 

where, using ref. 's notation, /?a,/,p means that we let the last P—M variables 
equal zero. Eq.pT7| gives 

X [qo\qi, ■ ■ ■ , qM) - 2^ [qi,---,qM)X[p.] [qo, qo, qo ), 

[fi\,d{fi)<M 

and therefore 



X [qo\qi, ■ ■ -qp) - 2^ pm,p[X[p.] [qi,---qM))X[p] [qo,qo^---^qo 

[fl],d{fl)<M 



It is easy to see, on the explicit expression Eq. |2.8| that 

pM,p {xf^i]^^^\qi, ■ ■ ■ qAi)) = x[^[^^^(gi, • • • qp), if d{fi) < p, 

and 

pM,p (gi, • • • qM)) = 0, if d{fi) > p. 

Thus we find that 

X [qo\qi, ■ ■ -qp) - Xifi] [qi,---qp)X[ft] Wo, J- 

\Ml,d{fl)<P 

Letting M to be arbitrary large, we get 

X^^(^)(go|gi,...gp)= E X^^''\qu...qp)x^{qo,ql...). 

[fi],difi)<P 

For strings, we are interested in x*^^''^^'' (^o I ^i; ■ ■ • qN, qi^ ■ ■ ■ , qN^), so 

xiqolqi, ■ ■ -qN) = E X[J\^^^\qi, ■ ■ -qN, qT\ ■ ■ ■ , qN^)xyi]{qo, qo, ■ ■ ■), 

[p,],d{fl)<2N 

(2.11) 

which is the formula we wanted to derive. Using Eq. |2.8| it is easy to show 
that, for arbitrary d > d{fl), 

d IJ,i ^ 

xgf (go, ql ■■■)= xffl]^''\qo, ql Igo) n n fcTiri' 

i=i k=i ^ qo 

so that the above M —>■ oo limit is perfectly well defined. 
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2.3 Level expansion 

The level structure is obtained by expanding the above character formulae 
in powers of q. The corresponding expanding of xfpfiloy 9o' • • •) based on 
the formula 

xf^{xi,...,x^) = Y.Kp(flxr), (2.12) 

a \i=l / 

where a = (ai ■ ■ ■ a„) has non negative integer components, and kI^^ is 
the number of standard Young tableaux of shape defined by [fl] containing 
the numbers 1,2, ... ,n precisely ai, 02, . . . , a„ times respectively. Therefore 
SiCtj = J^ifJ'i- In such a standard Young tableau, the numbers are inserted 
so that they are non decreasing going right on the same line, and strictly 
encreasing going down in the same column. Using Eq. |2.11| we obtain 



x{qo \qu Qn) =J2 QoXLiqu • • • ^iv) 

L 

xiiqi, • • - gTv) = 

E S{L-j:mp^) Kfx^i'^'''\gi,...gN,q{'...,q^')- (2.13) 

Pi,---,Pl m=l [fl],d{fl)<2N 

2.4 Expansion in irreducible characters of orthogonal 
groups 

2.4.1 Expansion in terms of characters. 

As shown, for instance in ref. H7|, one has 



where are the so-called Littlewood- Richardson numbers^ which are 

defined provided^ [2k] C [/I], and [A] C [fl]. Thus d{2K) < 2N, and 
d{X) < 2N. The connection between Young tableaux and Dn irreducible 

^ The notation [2k] means that one retains only Young tableaux with even number of 
lines. 

^Thc notion C used here is intuitive: [i^] C [fl] means Ui < fii Vz. 
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representation requires some care, on account of the existence of the two 
fundamental fermionic irreducible representations (see ref.0). Finally, we 
have the expansion 

[tl],d{,l)<2N,[X] « 

(2.14) 

2.4.2 Expansion in terms of characters. 

Due to the stringy origin of the character, there exists an alternative expan- 
sion in terms of irreducible characters. Thus we now consider 



M 

x^"'*'(go|gi, IT 

m=l 



N ^ ^ 



i-cSi-cg.i-(c/g.)J 

Obviously 

x^-^'^(go ki, . . . qn) ^ x^"^^^+^^'''(go I gi, . . . QN, 1, ql\ . . ■ g^^), 

oo 

x(go I gi, • • • gjv) = n(i - ^o) i/m x'''"'''{qo ki, • • • qn). 

e=i ^'^^ 

One has 

J2 xf^i\^^^^^\qi, • • • gjv, 1, qi^ • • • , g^^)xgf (go, ql ■ ■ •)• 

[fi],d{fi)<2N+l 

So altogether 

oo 

x{qo\qi, •••gjv) = Y[{i -go)x 
i=i 

xfft\^'^^^^\qi, ---qN, 1, gf^ • • • , g^^)x§f (go, go, • • •)• 

[fi\,difl)<2N+l 

The expression in terms of Bn characters follows from the relation: 

^GL{2N+i)^^^^ • • - g^, 1, gr^ • • • , g^^) = E^ls^.iAi^Jf ■ ' 

So we get 

oo 

x(go|gi, •••gTv) = 11(1 -9o)x 

£=1 

E xt(go, go^ ••OEu^llj.xj^f^^^' ^^.is) 

[Ai],d(/i)<2Ar+l K 
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2.5 Folding 



The actual work is not finished, however. Both expansions |2.14| , p.l5| involve 
Young diagrams with depth N < d < 2N which should be re-expressed 
by the so-called folding algorithm]^ in terms of true irreducible characters. 
Another difficulty is that the method just summarised leaves the positivity 
of the coefficients in doubt. Elaborating on these points is beyond the scope 
of the present article. 



2.6 Highest weight states in string theories. 

Another way to classify representations is to look for highest weight (also 
called dominant) states. To our knowledge this was never done in the string 
spectrum. Since it is not central here, this viewpoint is summarised in ap- 
pendix A. 

3 Modular properties of the closed bosonic 
string characters 

3.1 Integration over zero-mode momentum 

We concentrate on closed string since this is necessary for modular invari- 
ance. In order to calculate the equivalent of the functional integration over 
the torus, we should let the total momentum fluctuate. Thus we want to 
consideiQ 

Xciosed(go, go I = Tr |go^»-ig^«-i ne'^'^^"''^} , 

where 

At this point space-time is still uncompactified. There is of course only one 
zero mode momentum for left and right modes. Note that the oscillator 
space now span representations of 0(24)^ x 0(24)ij, but only the diagonal 
subgroup is physical. We have let, as compared with earlier chiral formulae 
(see e.g. Eg .|2l5|) , 

g^ = e2--^ for/i^O. (3.1) 
^We choose — 1. Any other choice may be re-absorbed by a rescahng of go and gg. 
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Since we are dealing with characters of orthogonal groups, and n^>o 
obtained in principle by diagonalising a generic group element, one would 
think a priori that the f 's are real. We will see that this contradicts modular 
invariance. This fact, which is due to the existence of a modified complex 
structure on the torus will lead us to slightly modify the above definition. 
The zero mode part of the Cartan generators is: 



So we get 

n / dpf'dp-^' {qo%)^'''^''^^^''~'^''^ <p^,p-^\ql^\p^,p-^ > 



tM>0' 



Each term involves an integration in the plane. So, for each /i, we have to 
deal with a two dimensional integral of the type 



/ d2P < p\ {qo%f" \f > 



where p" is the vector rotated by an angle 27rv. The integral is concentrated 
at p = 0, and we get 

d2pS[pi{^ — cos(27rt>)) — p2 sin(27rt>)]5([p2(l — cos(27rt>)) + p2 sin(27r?;))]) 

1 



4 sin^(7rf )) 

Thus we have, collecting]^ this with the non zero modes, 

Xciosed(go, qo\v) = 

12 1 1 1 



%v n n n _ aJin) a _ OR 



fj,=l n>l 



(1 - (1 - (1 - sin 'Kv^ 



3.2 Modular invariance for uncompactified target 
space 

Recall that, in terms of standard theta functions, 

sinfvr^;) TT(1 " 26^*"'^^ cos(27rt;) + e^^'^H = ^^^''\'^\ .-^^-l\-fl\ 



^We drop irrelevent overall constants throughout. 
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Thus, we let, as usual. 



go = exp(2i7rr), = q* = exp(— 2i7rr*). 
Then (the factors go% cancell since D = 26) 



12 (^'(0|r))^/^ 

Xclosed(gO, qo\v,) = Xclosed(T | t?) = H " H"7 



(3.2) 



The non trivial modular transformation corresponds to 

^,(-1 - -) = -i(ir)i/2gi™Vr^^(^|^), 
r r 

An easy computation gives 

Xciosed {-I I ^t;) = e^^(^"/^~(^"/^)*)xcio.ed(r I v) 

This is not quite modular invariant. As we already mentionned, for the 
orthogonal group, the v^s are real. However, since r is complex, the trans- 
formed parameters v/t are complex. Thus we consider v to be complex in 
general^. It is easy to see that the modular invariant character is 

Xmodular(r | v) = e'^-^^^^'/^^^) ^closed (t | v) 



Indeed 

A modular I 

V T 



V 



Xmodular(^ | 



Moreover, the additional factor is invariant under the other modular trans- 
formation r — i> r + 1. Thus in general, for integer a, b, c, d with ad — be = 1, 



Xmodular 



ar + b 
CT + d 



V 



CT + d 



Xmodular(T^|^^) (3.3) 



As usual, modular invariance holds only when the condition Lq = Lq is not 
enforced. Note that, if the f 's are real, Xmoduiar = Xciosed- We will not elabo- 
rate upon this additional factor, since it does not appear for superstrings. 



^"This is natural for the oscillator modes, since we may apply a different 0(24) rotation 
on each chiral component. 
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3.3 Duality for circle compact ificat ion 

Now one coordinate is on a circle of radius R, so that 

i 
i 

3.3.1 The character 

The invariance group becomes 0(23). One cannot put all transverse com- 
ponents in pairs any longer. A convenient convention is to compactify the 
component with number 12 and to leave out the one with number —12. Now 
the Cartan subalgebra has generators for // = 1, • • • , 11. So we consider 

Xciosed(-^l ^) = Tr I e2--(^o-l)g-2mr*(Zo-l) JJ ^2i.v,H, 

The zero mode part is 

m,n 



which gives, up to irrelevent factors, 



11 1 



T — I ^l=\ Sl'^ V^'^IJ.) m,n 



Thus we have 



. ,circ / PI zt\ _ ^ iTr{T-T*){rn'^ /rR'^+'n?R^) -i-K{T+T*)mn 

y (r - T*) m,n 



X 



M=iSin'(^^M) nil M=l 
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For the oscillator modes, the calculation is the same as before, with f 12 = 0. 
So we find 

1 



Xrsed(^,^K) 



T — r 



E 



^iTT{T-T*){m? /AR^+ri^B?) -iTT(T+T*)mn 



X 



-27r(Qt;)2/3(T) 



Oliver) 



3.3.2 Modular invariance 

One has to deal with the sum over m, n. The discussion is similar to the case 
of the one-loop term for toroidally compactifed theories. It is convenient to 
define 

2 



F{R,r) 



1 



One verifies that 



1 



2/3 



m,7i 



iTT(T-T*){m'^ /'i:B?'+n?B?) ^-i-n{T+T*)mn 



F{R,t) = F{R,~)=F{^,t). 

The first relation comes out by standard Poisson resummation technics (see 
e.g. ref. 0]). The second comes from the symmetry of the zero mode spectrum 
between Kaluza-Klein momentum and winding number. We may write the 
character as 



1/3' 



The product of the last three factors is modular invariant, since it is similar 
to the uncompactifed expression. Thus we see that 

xt:seAr,R\v) = xZloA~l/r,R\v/r) 



4 Chiral superstring characters 

From now on we of course let = 4. As a preparation for the discussion of 
type II superstring in the next section, we now study the chiral characters 
both in the Neveu-Schwarz, and Green-Schwarz formalism and establish their 
equivalence. 
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4.1 The NS-R formalism 

The forthcoming calculation of the superstring character in the NS-R formu- 
lation was already performed in ref. @]. The formulae are analogous to the 
bosonic ones except that the b and d are world sheet fermions. So we let, for 
fi>0, 



which satisfy 



This gives 



[Pr^Ps] — ^r^-s^fj^-ui {Pni Prn\ ^n,-m^^i,-v 
oo 



r=l/2 

oo 
n=l 



where "H^qI ^ is the zero mode contribution which we do not need to write 
explicitly. Moreover 

oo 4 oo 4 

4'^ = E E riPZi^Pi^ + P-rPn, 4'^ = E E ^(P'nP'n + P'-nPn^ 
r=l/2M=l n=l /i=l 

4.1.1 The NS sectors 

In order to shorten the formulae we freely change notation from to q^, for 
/i = 1, . . . , 4, with = exp{2'7iiv^), whichever is more suitable. The b part 
of the trace is given by 

II Tr, M|go 9m r = ii 

r=l/2 [Ai=l J r=l/2Ai=l 

Next we have to handle the G parity projection. For this we need to insert 

G = -(-1)^-1/2 ^-^^^ (4.1) 
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into the trace. This gives 



r=l/2 [ /i=l 



= - n nTrr ^^-^''-^^^ \o"-^"^ "-^"'- 

r=l/2M=l ^ 

CO 4 

= - n n(i-«(i-%79.) 

T-=l/2 M=l 

Altogether the two G-parity projected characters are given by0 

oo 4 -j^ 

XNS±(go 1^^) = n n T^ — 

n=i„=i (l-go9/.)(l- 



oo 4 oo 4 

n n(i+«((i+%7gM)T n n(i-«((i-%v?.)^ (4-2) 

^r=l/2M=l r=l/2/i=l 



The physical sector corresponds to Xns+- On the other hand, Xns_ contains 
the tachyon, since its expansion begin with ^^"^ . 

4.1.2 The R sectors 

The oscillator part of the trace is given by 

•m=l \ii=l I ?Ti=l /i=l 

The zero mode part simply gives the irreducible characters of the two spinor 
representations of 0(8) = -D4 which will be rederived below. In general, 
we shall denote the 0(8) irreducible characters by X(^*'fli2 "3 "4)' "^^ere the 
four integers n are such that the highest weight is of the form Y^l^iUiXi, 
where Aj are the fundamental weights. So, the zero mode characters is either 
X(^*'o\ 0) ('^) ^(0^0 depending upon the chirality projection (—1 or 

^^The factor in front is of course determined by the mass shell condition to be 
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+1 respectively). Concerning the GSO projection, the Weyl condition for 
arbitrary fermion mass level is defined from the chirality operator 

K = r^°(-i)S'.=-4S^ = riO(_i)EUsr(/':>^J+^^nPn''). (4.3) 

Thus we need 

m=l n=l ^ ' 

oc 1 

= n n(i-«(i-c/?M)- 

m=l /i=l 

Altogether, projecting over the ±1 eigenspace of K, one gets 



1 



1 

+ 2 



oo 4 



XK,(*i«) = nn(i_,„,j(i_,„/,^)X 

oo 4 

n 11(1 + go"g.)(i + go7?.) + n 11(1 - go"g.)(i - q^/q.) 



.n=l u=l 

oc 4 



n=l i/=l 

cx: 4 



n n(i+%>.)(i+?o7?.)- n n(i-?o?^)(i-%7?.) 

.n=l t/=l n=l i/=l 



0(8) / 
X8± [V) 



X8 ' (^^) 



08 

where we have let, for convenience, X8f'\'^) — X^^ooi)('^)' X8-^\'^) — 

Y^^^^ (v) 
^{0,0,1,0)^" ^■ 

4.2 The GS formalism 

Here, of course we use operators with spinor indices a and d, the 0{8) gamma 
matrices taking the form 



Y 



7^- 

" laa 

7^ 



It is covenient to handle spinors indices by means of the equivalent basis 
made up with the Fock space of dimension 2^ — 16 generated by 4 fermionic 
oscillator modes: 

^>^=l(^^^_,^-f^^^ = + 2, 3,4, 
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which satisfy 



Wc use the basis of occupation number states states noted |ei, . . .64), = 
±1, so that 

K*^K''\ei,...e^) = ^(l + e^)|ei,...e4) (4.5) 
The correspondence with the a, a indices is such that 

I s J |a > if an even # of e are >0 ^ 

Id, . . . e4j 44> I ^ if an odd # of e are > ^ 

Concerning 0(8) chirahty, if one lets 



one finds 



Q —4 —11 4 

^ ^ ^ . . . ^ ^ . . . ^ 



7^|a >= \a >, 7^|d >= —\a > . 



Let us recall, for definiteness, that the GS formulation has two 0(8) 
chirahty sectors GS±. In GS_ the world sheet field is of the type 5*^ and the 
spinor vacuum is of the form |d >. In GS+ the opposite choice of chirahty is 
made. Let us begin with the former case. Then 



with 



H n \ a / 

I _ ^00 a * b 

"^A* = E ~iC-nCn ~ C-nCn^) + 9 5Z E " ^-m'^ac'^db^m ' 

n>l m=— 00 a, be 

Choosing the field S to have an udottcd spinor index will correspond to the 
choice K = —1 for the Ramond sector projection, as we will verify below. 
After some transformation, one finds 

{4 1 1^1^* 1^1^ I 

11 ?M I X 
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^{A / \ s"' ' 

11 "J/^ 5o 9m — = I 

Let us first handle the zero modes. One gets 

Tr 1 n „^^-fi^o''-'''^^^o I _ 0{8) 0(8) 

i^o I 11 I - X(i,o,0,0)l^J + X(o,0,l,0)l^i 

The first term, which is the character of the vector representation is easily 
seen to be given by 

Xa!o!o,o)(^1 = E(9. + ?;') (4.7) 

It is useful to elaborate on the second terms. Using Eqs. [4.5| , O, one sees 
that 

xSi,o)(^i = E < «i n<i« >= Tr (p- n 9m 

4 

ei ,.--e4=±l M=l 

where P_ is the chirality projector, and we get 



4 -, 



xSo!i,o)(^i= E n^r" (4-8) 

ei,...e4^±l 
odd number — 1 

For future use we note that a similar computation gives 

xSo,i)(^^= E n^l^" (4-9) 



ei....e4^±l ^=1 
even number— 1 



For the non zero modes, we use the same Fock space basis. Thus the S Fock 
space is represented by 



n>l M (n) (n) (n) 



n n ^L^j. M io> 



I ,{")^ 

^l^l '^2 '^3 '4 ' 



where 



I (n) (n) (n) {n)N 

A^La ' ^ ' ^ ' ^ = 0, or 1, 
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is the occupation number of the mode considered. For each such mode we 

find the factor 1 + H/x lii^ ■ The bosonic part is the same as before. Thus 
we find the expansion 

0{8) I-.. , ^ 0(8) 



Xgs_ (go I V) 



X(1,0.0.0)(^) +^(0,0.1,0) (^) TT TT /^l , TT 

nj=i n„>i (1 - go"g.) (1 - goVg.) M 11 I ^^'T' y' 



even nb — 1 



(4.10) 

which we will simplify below. A similar discussion for the GS+ sector gives 



0(8) /^x 0(8) /^x . V 

odd nb — 1 

(4.11) 



4.3 0(8) triality transformation of irreducible charac- 
ters 

Due to the triality invariance of the 0(8) Dynkin diagram, there is a one- 
to-one correspondence between representations, characterised by (ni, . . .714), 
when we permute ni, with na or 714. The best known example is the con- 
nection between the three eight dimensional representations 8„ ^ (1,0,0,0), 
8+ ^ (0, 0, 0, 1), and 8_ ^ (0, 0, 1, 0). 



4.3.1 The transformation of variables 

Here we show that the equivalence just recalled implies simple transformation 
laws for the irreducible characters under specific changes of variables. To 
start with, let us look for a change of variables, from v (or g^) to new variables 

denoted y (or r/^ with r/^ = exp(27rz|/^)) such that xSao,i)(^) = ^(iao,o) (^) ■ 
Using the explicit expressions Eqs.|4^, one sees that this leads to the 
equation 

xSo!o,i)(^)= E n?-'' 

ei,...e4^±l y = \ 
even number— 1 

( \-l/2 , / \l/2 I /1l1'2\l/2 I /1'i-1'2\-l/2 I 

= {qmqsqd ' + \(l\q2qm) ' + ) ' + ( ) ' + 

93^4 q-m 
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q2qA 52^4 g2g3 

A simple solution is given by 



^1 = 

V2 = 

m = 

V4 = 



\q2q4 ' 
(' 9293 U/2 

{qiq2q3q4y^^ 

/ 9394 \ 1/2 



g2g3 



qi = 

q2 = 

qs = 

94 = 



M=l 



/'222?3 U/2 

V J71J74 

t mm \il2 



(4.12) 



The corresponding linear transformation between v and y is given by 



1/2 


-1/2 


1/2 


-1/2 \ 


1/2 


1/2 


1/2 


-1/2 


1/2 


1/2 


1/2 


1/2 


1/2 


-1/2 


1/2 


1/2 J 



(4.13) 



It is easy to check that Ai'^ = 1. 

Similarly we look for a change of variable, from v (or g^) to new variables 

z (or with pi_, = exp{27riZfj,)) such that X{ofi,i,o) (^) = X(i%,o) (^) • Exphcitly, 



A(0,0,l,0)l'^J 



+ 



Now we let 



' gl \-l/2 

^q2q3.qA 
' q^ \-i/2 

^q4qiq2 



+ 
+ 



qi u/2 



q2qzq4. 

9*3 xl/2 



E n 

)-l/2 



odd number=l 



?2 



^3^491 

, g4 ^ 
^qiq2q3' 



-1/2 



+ 



+ 



g4gig2 

4 



pi = ( 

P2 = ( 

Pa = ( 

P4 = ( 



_23_U/2 

94 Nl/2 

919293 ' 

91 U/2 

929394 ' 

92 \l/2 

939491 ' 



?1 
52 

?4 



92 xi/2 



^q^q^qi 

' 94 ^^1/2 
919293 



^ (91 rtO ' 



P3 U/2 



P4P1P2 ' 
(- P4 '[1/2 

( PI )V2 
^ P2P3P4 ' 
( P2 U/2 
^ P3P4P1 



(4.14) 
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The corresponding linear transformation between v and z is given by 



( 


1/2 


1/2 


-1/2 


1/2 \ 


1/2 


1/2 


1/2 


-1/2 




-1/2 


1/2 


1/2 


1/2 


\ 


1/2 


-1/2 


1/2 


1/2 / 



(4.15) 



and = 1. 

Clearly the definition of these matrices is not unique so far due to the sym- 
metry properties (that is invariance under permutations of variables and/or 
replacements by inverses) of the characters which are set equal. This precise 
choice will turn out to be natural when we treat all representations. 

4.3.2 The associated theta function relations 

Define 

4 

where 9 are the usual theta functions^ 

oo 
n=l 

oo 

= foiq'J' + ?;'/')%/' n (1 + + 

n=l 

oo 

n=l 

oo 

= fom^-%~'%)i^-<ir'^VQ,), (4.16) 



n=l 



where /o is given by Eq.|2.9|. 

The basic fact concerning triality relations is that the O functions so 
defined transform linearly under the change of variables Eqs. [4.12| or ^.14| , as 
was discovered by Jacobi (see e.g.fl^). In appendix B we give a derivation 



of this fact inspired by the more modern discussion of ref.|Tl]]. Moreover, we 
defined the matrices Ai, and Af so that the G functions transform with the 
same matrices as their arguments. The explicit formulae are as follows 

"'^^The definition of qo wliich is standard in string theory, is unfortunately tfie square of 
the definition of the parameter q which is usual for 9 functions. 
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The V — > y transformation One has 

Q.{v, = M .e{y, , with 9 = 



62 
V 64 / 



(4.17) 



Expanding both sides in powers of go, give all the relations of the type 
X^n^l,,m,n,)i^) = X^nZ2,n3,m)iy) t^at foUow from 0(8) triahty. In partic- 
ular, the lowest non trivial order in go gives the following relations we will 
need later on: 



n,(gy^ + g;^/^) 



1/2 



M 



\ 



(4.18) 



which, of course, includes our original starting point X^^q^q 1) i"^) ~ X{io'o 0) ' 
At the next level, one finds the relations 

X(2AO,o) (^) ^ ^(0A0,2) ('^) ' ^(o!i!o,o) (^) ^ ^(o!i!o,o) (^) ■ 
The latter means, for instance, 

(U<1^ IJ,<U 



The V ^ z transformations. One has 

^{v,V%) =A/'.e(f,v^), 

and to lowest order, 

,1/2 _ \ 



( v^A% 



-\I2\ 



H 



\ 



V^ApT^p-,''" 
T.Ap^ + i/p^.) 
V -E^(p^ + i/pm) / 



(4.19) 



(4.20) 



Expanding both sides in powers of goi now give all the relations of the type 



i/xp 

-^(ni,n2,n3,n4)^ 



0{8) 



z) that follow from (9(8) triality. Note that 
/ -1 \ 

AT 7/A^7/ 7/ 10 

J^ = UMU, U= Q Q ^ Q 

V 0001/ 
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It is easy to check that [AiU)^ = 1. Thus we do have a triality relationship. 
In terms of the q, t] and p variables, U corresponds to 

1^^^^/^^ ^Ui-l/Pi (4.21) 

[ Qi ^ Qi, I ^ 1 [ r]i ^ pi, I ^ I 

As far as the characters are concerned, this transformation corresponds to 
the relations of the type X^nun2,ns,n,)i^) = X^nun2,n,,ns)(^-^)- Moreover, the 

action of MU is given by X^nun2,ns,n,)i^) = X°nX,,n„n,)i-^^ ■ '^^ ^ 

circular permutation of the three numbers ni,n3,n4, whose cube is clearly 
the identity. 

4.4 Novel insights on light-cone superstring represen- 
tations 

4.4.1 The equality between GS and NS-R characters 

The GS character We discuss the case of GS_ for definiteness. The 
variables y (or 77^) arise naturally in the expression Eq. |4.10| of Xgs_; and we 
get 



Xgs_ {Qo I v) = X(i,o,o,o) (v) + X(o,o,i,o) (v) 



(4.22) 



The prefactor is simplified by using the relation 

xS!o,o)(-1 + xSo!i,o)(-1 = liiv'J' + 
which follow from Eq. ^.l8| . So we find 



( I -^ TT^ 1/2 -i/2N®2(y, v^^) 

XGs_(gok) = n(V -'^^')el(^ 



(4.23) 



In order to establish connection with the NS-R expression, we make use of 
Eq. |4.17| . Since has square one, it gives 



Therefore 

Xgs_ (go I v) = 
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rr c^l/2_o-l/2^ 



2ei(t7,7g^) 

(4.24) 



The NSR character Let us define Xnsr_ = Xns+ + XR- • Using Eg s -142 
and [4.4| it may be written as 



Xnsr- (go I v) 



61(^7, v^) 2 

O /,7 ^^ (X(0A1.0)(^) -X(0,0,0,1)(^)) 



Since, according to Eq. [4.18 



n,(gy^±g;^/^) 

we verify that xgs_ (^o I v) = Xnsr_ (^o I v) as expected. 

4.4.2 Separating the NS and R sectors in the GS formahsm 

Obviously we may write 

Xgs- (go I v) = 

(4.25) 

Let us show that this corresponds to the separation between NS and R sec- 
tors. Indeed, according to Eq. |4.17| , one has 

y/Oo) - 02(y, V*)) = 0i(^7, V*)) - ©2(^7, V*)) 

So indeed, 
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4.4.3 Projecting out the NS and R sectors in the GS formaUsm. 

Let us return to the ©2 term. Its expansion is 

Q2{y,V%) = [x(i,OAO)(^) +X(o,o,i,o)(^)l 

00 

= /o?y' [x{i,o,o,o)(^) + X(o,o,i,o)(t?)] n + 9oV)(l + ?o7^.)- 

/i r!.=l 

= /o [x(i,oAO) (t?) + x(OAo,i) (v)] n n f 1 + n Qf] 

even nb— 1 

This corresponds to GR operators 5"" acting on vacua \i > and |d >, as we 
aheady know. Next consider ©1. We have 



ei(y, V^o) = fUo^' UivT - n 11(1 - 5o>.)(l - q^h,). 



At n=l 



= fki" mr - n n f i - n if'"] 

even nb — 1 

Consider first the zero mode contribution. One has 

H n V A* M / 

Let us return to the operator reahsation. Define the zero mode operator 
(-1)^-, by 
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so that 



Then the above zero mode contribution is the trace with (—1)^^ inserted. 
Including the oscillator modes, we find 

Qi{y,v%) = Tro< ll(-i) 



n>l 1^^1=1 \V^/^/ 

So we have a sort of parity operator in the GS sector. As far as world sheet 
properties are concerned, it is a parity operator for a field with integer modes, 
so that it is analogous to the chirality operator of the R sector (see Eq.[4.3D 
which we denoted K. Thus we calQ it Kg \ It is given by 

Of course the space-time properties of Ks are very different from those of 
the chirality K. It separates fermions and bosons since is a spinor. Since, 
we have found that 



X 



' (4-27) 



n>l /^=1 



we see that the NS+ sector has positive Kg ""-parity, and the R_ sector neg- 
ative K^g ""-parity. 



4.4.4 The third formalism 

The GS_ formalism is obtained from a mixed representation using r] in the 
numerator and q in the denominator. Let us try a third representation that 
uses p and q similarly to describe the same chirality sector GS_. 

^•^The superscript (— ) is a reminder of the GS_ sector we are presently discussing. 
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The NS+ sector: We use the fact that 

02(yv^) + 0i(^, y/qo) = Oziv, ^) - Qi{v, ^) = Q2{z, ^) - Qi{z, ^) 
So we have 

XNS+(go I V) = ^ % [62 ^/q^) - Qi{z, ^)] 

'^i{v,y/qo) z 

What is the oscillator interpretation? Obviously, for the ©2 term it is similar 
to the usual GS term, albeit with opposite chirality. So, for it we write 



Q2{z, V?o) = X(i,o,o,o)(^^) + X(o,OAi)(^) 



00 

= /o [X(i,0,0,0) (^) + X(o,o,o,i) (^)] n 11(1 + q^p,){l + q^/p,) 

/i n=l 

= foQo'^ [x(i,o,o,o) (v) + X(o,o,o,i) (^)] n n ( 1 + ?o n 5/^' 



77 _n _n _n 



odd nb=l 

This corresponds to GR operators 5"" acting on vacuua \i > and |a >, that 
is, to the choice of chirality opposite to the one of Green Schwarz in GS_. 
Next consider Oi. We have 

CXD 

Qi{z, = fUT n(pf - p-,"") n n(i - 5oP.)(i - ^o/p.)- 

M /u n=l 



odd nb — 1 

Consider first the zero mode contribution. One has 



= -XaAo,o)(^) + xf'oAO,i)(^) 
Let us return to the operator realisation. By a reasoning similar to the above, 
it is easy to see that 



0(8) 
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We see that another parity operator appears. We define it as 

4+) = (4.29) 

Thus in the third description, the NS+ sector is decribed by the -ftTg^^ 
negative-parity sector. Let us exphcit verify that we get the same spec- 
trum as in the usual formalism for lowest levels. For the vacuum, we find, 
according to Eq. |4.20| , 

which is the correct lowest (vector) state of NS, ie &'^i/2|0 ^- '^^^ factor 

1 /2 

Qq is cancelled by the 6i in the denominator. The next level is given by 
Sli\a >, that is 64 states. They may be re-arranged in the states 

For the usual description, we have the corresponding states fe'^3/2|0 ^-iid 
&^i/2^-i/2^-i/2|0 ^ with the same physical content. 

What would happen without projection? Then the vacuum would be 
I a > +|a >, a mixture of fermionic and bosonic states. See section 4.5 
below. 

The R_ sector We now use Eqs. [4.20| to write 

02(fA/go) -0i(y, Vgo) = 02(^^, A/go)-0i(^^, A/go) = 04(^, a/9o) -03(^, \/go) 

So we have 

n (gl/2 _ g-l/2) ^ 

XR-(^, V*)) = ^^^^ JL. — - [03(^, Vgo) - 04(^, v^)] 
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What is the oscillator interpretation? Consider 

oo 

e3(^-', v^) = n n(i + <iVp,) (1 + <iV"/p,) 

fJ. n=l 

This corresponds to a world sheet field where r is a half integer mode 
number. Indeed, we may write 

n n(i+?o-^^.)(i+?o"'/Vp.) = n n fi+%^n?f 

/i=l n=l r>l/2 Ar) (r) (r) (r) \ H / 



1/2 , , ' , 
odd nb=l 



Thus the T Fock space is represented by 



r>l/2 Jr) (r) (r) (r) 
evennb=l 



^(r) ^(r) ^(r)^ 

I (r) (r) M ^ ' ^ ' ^ ' * 

"'I'^l ''^2 '3 '4 / 



n n .^2 -^3 .^4 M |o> 



^(r) ^(r) ^(t-)s 

where A^_^ ' 2 > 3 > 4 jg ^gpo or one. Since we consider ©3 — ©4, we should 
introduce a parity. Since T has half integer modes it is similar to the G 
parity of the NS sector, and we call it Gjt^ . The operator is given by 

(7^+) = -(_l)S.>i/2Ed^^^" (4.30) 

We are retaining the sector with positive G^"* parity only. Thus the vaccuum 
is T"j^^2|0 >) which corresponds to the NS vacuum |d >. The corresponding 
contribution is 

Qo'^^iPn + = %^^X(i,o,o,o))(^) = qo^Xmo,i)){v) 

1/2 

Again, the Qq is cancelled by the ©i in the denominator. The next level 
is T^3/2|0 > and T^i/2^-i/2^-i/2|0 ^^at is 64 states. What are the cor- 
responding states of GS? One has S°^-^\a >, which also gives 64 states. The 
state in the representation (0,0,1,0) is given by 7"^S'"^|q; >. The rest has 
dimension 56. In the R approach, the corresponding states arc d'ti\a > which 
also gives 64 states, the (0, 0, 1, 0) irrep being again 7£j<i^ii|a >• So all is of 
course consistent. 

What would happen if we did not project out: Then we have the constant 

— 1/2 

term of the ©3 expansion, which is a singlet, but there is still the due to 
the denominator. Thus there is still the bosonic tachyon. See next section. 
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4.5 The general picture 



Let us keep all sectors in every formulations to show that they are completely 
equivalent. The correspondence between characters may be summarized as 
foUowf] 



Sector 


Theta(v) 


parity 


Theta(y) 


parity 


Theta(z) 


parity 


NS_ 


03 + 64 


G = - 


63 + 64 




63 + 64 




NS+ 


63 - 64 


G = + 


62 + 61 


= + 


62-61 


Rf = - 


R+ 


62 + 61 


K = + 


63-64 


= + 


62 + 61 


4*' = + 


R_ 


62-61 


K = - 


62-61 




63-64 





Note that the tachyon sector appears in every formulations including the 
GS one. In NRS_ = NS+ © R_, the usual GS formulation corresponds to 
using 5* fields only, since then both sectors Kg ■* = ± are physical. In this 
formulation the GSO projection just corresponds to discarding the T fields. 
However, this sector still exists. It is useful if one wants to use the third 
type of formulation for the other GSO projection NRS+ = NS+ © R+. Then 
the physical sectors have K'^^^ = + in the S sector, and = + in the T 
sector. The two GSO projected sectors are described as follows 



Sector 


Theta(v) 


parity 


Theta(y) 


parity 


Theta(z) 


parity 


NS+ 


O3-O4 


G = + 


O2 + O1 


i4-> = + 


O2-O1 


/4*' = - 


R+ 


O2 + O1 


K = + 


O3-O4 




O2 + O1 


At' = + 




Neveu Schwarz Ramond 


Third formulation 


Green Schwarz 



The GSO , sector NSR. 



Sector 


Theta(v) 


parity 


Theta(y) 


parity 


Theta(z) 


parity 


NS+ 


©3-04 


G = + 


©2 + ©l 




©2-©l 


J\g — 


R_ 


©2-01 


K = - 


©2-©l 


Af = - 


©3 -©4 


4^) = + 




Neveu Schwarz Ramond 


Green Schwarz 


Third formulation 



The GSO_ sector NSR_ 



up to a common factor 1/2 which we remove for brevity, 
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It is interesting to note that the character corresponding to the complete 
NSR spectrum, that is without any projection, is given by the same 62 + O3 
function in terms oi v 01 y or z. In appendix C, we show how the new T"" 
and fields we have introduced may be constructed using the same bosonic 
fields as the usual GS and NSR free fields. 



4.6 The impact of supersymmetry: Factorising the 
long SUSY multiplet character for massive levels. 

Consider Xgs_ for definiteness. Expand it up to the first massive level. One 
may either use Eqs. [4.10| , and [4.16| , or return to the original operator formu- 



lation, to derive 

XGS_(go I v) ~ x[Slo)(^l + xSS'io)(^) + ^x'^'^'^iv) + ■■■ 

where 

x'°"^(tT) = (x!S,o)(^l + x[S,o)(^l)(xSo!o)(^^) + (4.31) 

The degenaracy of the first massive level is x'°'^^(0) = 16^ = 2*^, which is the 
dimension of the long multiplet of = 1 supersymmetry in 8 dimensions. 
It follows from supersymmetry that all higher massives states must fall into 
similar multiplets, so that Xgs_ iy, ^/qo) — Xgs- ("^^ 0) must be divisible by 
X^°^^- Let us show this explicitely. It is easy to see that, according to Eqs. |4.18| 
and 



SO that we want to factor out these two factors. We start by writing, using 
Eqs.CT, EH 



Moreover, it follows from Eqs. |4.18| , and 4.20 that 



These two equations show that 



^^This is discussed in detail for the dimensions of representations in ref . [[121 
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Thus we find 



(4.32) 

which is the formula we wanted to derive. A similar calculation gives 

( 1-^ 0(8) , x'^'H^) \ Q2{mV%) 02{z,^) 

XGS+[qo I V) = X(o,o,o,i)^^Hp, /-^ /-N S 7—^72—^1727 " „ . 1/2 , -1/2. 

(4.33) 

Note that the second terms should be rewritten as 

^,ion.(^^ n^(gy-g;'^') 1 J 02 (^,^) _ e2{z,^) 



in order to pull out the overall factor in the product expansion of ©i. It is 
easy to see that the factor between brackets is divisible by Yl^{qj/'^ — q^^^'^)- 
Indeed, if any of the v vanishes, the |/'s and the z^s become pairwise equal up 
to permutation or inversion, so that the two terms inside the bracket become 
equal. As we will see below, this is precisely what occurs when the type 
II superstring theories are compactified to nine dimensions, so that 11^ and 
11b superstrings give the same characters since there is no chirality in nine 
dimensions. 



5 Modular properties of the closed type II 
string characters: 

5.1 Uncompactified target space 

In terms of the variables v such that = exp(27riv^) , the chiral characters 
write 

XGS, = ^^"^^^ {I [^») - 04(t?|r)] + I [e^ivlr) ± e,{v\r)] 
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Under modular transformations 



e 



/ 1 

1 

10 

V 1 y 



(5.1) 



Thus, as defined so far xgs± has no modular properties. On should define, 
instead, 



open 



ri^^_sin(7TO^) (\ 



where we put a minus sign in front of the fermionic (Ramond) contribution. 
Since it only contains 82 + O4 it has modular properties. Indeed modular 
invriance requires that we use the supertrace. The above discussions are only 
slightly modified, so we will not go through them again. Using the triality 
transformation displayed on Eqs. [4.17| , and [4.19| one sees that. 



X, 



open 



n,sin(vr.,)Q^^_^^^ 



X, 



open 



n/.sin(7rt;^) 

-0i(ylr) 



Note that, as a result, 



0, and it 



v-open vanishes at -u = 0, since then y = z 
is proportional to 6i(0|r). This is of course due to the supersymmetry. 

For closed string, we multiply again by the zero mode contribution which 
cancels the sinus factors and get 



Xdosed(^k) OC 



\Qiiv\T) 



ei( 



01(j 













or 



or 



|0i(^k)l' 
e,{z\T){e,{y\T)y 



|0i(^k)l 

It is easy to see that modular invariance holds in both cases, without multi- 
plying by any additional factor contrary to the bosonic case. The additional 
factors of the theta function transformations cancel between numerators and 
denominators since 



5.2 Compact ificat ion on the circle 

The discussion is similar to bosonic case. We are in 8 ^ 7 transverse di- 
mensions, and f4 = 0. We note v^^^ = {vi, V2, f3,0}, and y^^\ z^^^ the 
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transformed by triality. Then 

3 



It follows from Eq. [4.13| that 



2/3 = ^{Vl +V2 + V3 + V4), 2/4 = ^(-^1 -V2 + V3 + V4,). 



Thus, with t>4 = 0, 



VS^ = ^(^^1 + ^2 + V3), = ^{-Vi -V2+ V3), 



It follows from Eq. ^?T9| that 



Zl = ^ivi+V2-V3 + Vi), Z2 = ^{Vi +V2+V3- V4), 
Z3 = + ^2 + ^^3 + ^^4), Z4 = ^(fl -V2 + V3+ V4), 



Thus, with V4 = 0, 



= ^{Vi +V2- V3), = ^(^1 + V2 + V3), 

4^^ = ^(^^1 + ^2 + ^^3), zf^ = ^{vi-V2+ V3), 

One sees that 

(3) (3) (3) (3) (3) (3) (3) (3) 

zi = -2/4 , 4 = 2/3 s zy = y'2 ^ = 2/1 

So we find 

^+circ ^ -circ ^ jj^;^ V I^Q g(3) \ 

Aopon Aopen Q/^(^^(3)|^^ ^iVW \ J 
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For closed strings, we multiply again by the zero mode factor. This gives 



IIA, circ/ 7->l ^\ ii±s, circ/ 7->l ^\ tv/ d \ 



IIB, circ/ 



e;({;(3)| 



One sees that for these characters, the T duality between type IIA and type 
IIB superstrings in nine dimensions, corresponds to the equality between 
characters. This is due to the fact that chirality disappears in going from ten 
to nine dimensions, so that both types have the same spectrum. Concerning 
modularity, the product of the last two terms is modular invariant. Thus 
this is also true for Xci^s'ed^^(''') -^l'^)- Moreover, clearly. 



IIA, circ / r)\-'\ 



Xdi'ed''(^> l/2i?|t?). 



The characters of types 11^ and 11^ are equal and thus self T-dual. It is known 
that this does not hold at the interacting level, where T-duality exchanges 
types \\a and 11^. 



6 Outlook 

At this simple perturbative level, the study of duality (and triality) properties 
of characters has already been fruitful. The existence of a third formulation 
of superstrings is intriguing. Its main virtue may be to unify the two GSO 
projected sectors. They may be both described in terms of the same pair of 
world sheet fields and (or equivalently and T"). 

In view of the current importance of the Ramond-Ramond sector cou- 
pling, our construction of the Ramond and Neveu-Schwarz projection oper- 
ators in the Green-Schwarz formalism may be useful. 

The fact that the characters are invariant by T duality shows that they 
may be insensitive to the moduli in general, and hence a good unifying tool 
for string theory and its extensions. 

The next problems is clearly to deal with heterotic strings and with more 
elaborate compactifications of the usual five types of strings. After that 
non perturbative states will be the next challenge. One may think that the 
present characters are strictly torus objects that do not allow to go beyond 
lowest order perturbation. However, it is possible that the final (M) theory 
is completely intcgrable in some sense, and that a sort of Backlund trans- 
formation to a free spectrum exists. One long reaching motivation of the 
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present discussion is to try and derive the corresponding truly non perturba- 
tive characters by combining the present non perturbative knowledge about 
string theories and their extensions. 
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A Highest weight states in the bosonic string 
spectrum 

Since this viewpoint is novel in string theories, we spell out some examples. 
For Dn, the step operators associated with the usual set of positive simple 
roots are 

= E-(cr^c"^-c„%-^+^)- (A.i) 

The associated simple roots may be written, in terms of orthonormal vectors 
Cj in N dimensions: 

= e), - e^+i, At= l,---,^- 1, TTiv = Cat + ejv+i 
and the fundamental representations have weights 

' (A.2) 

Let us define, for later purpose 

Tmn = E ■ CmCn ^ '■ + '■ CnCm^ " (^-3) 

Then it is easy to see that T^n commutes with all generators for arbitrary 
m, n. This is the invariance of the trace in the present basis. In general, a 
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highest weight states |A > is such that 



n^\\>= \f,\\>, £^\\>=0, /i 



AT. 



(A.4) 



Let us look for them level-by-level in the string spectrum. A basic point is 



that 



(j.^,Sf^ = 0, as one easily sees from Eqs.p.3[ At level 1 the highest 



weight state is thus C-i|0 >• It satisfies 



Using the definition [A.4| , one sees that its higest weight is A^^^'' = ei, which 
corresponds to the vector representation. 

At level 2 the highest weight states are |2, 1 >= C-2IO 1 2, 2 >= 
C^iCrilO >, |2,3 >= Z)/i>o C-iC-f |0 >• This gives the one index, two 
index and zero index representations, respectively, with dimensions 2A^, 
N{2N + 1) — 1, 1. The highest weights are 



'^\2,l> — ^1 ) ^|2,2> 



2Ai- 



{2N) 



Ai 



2,3> 







where A^^^^ is given by Eg. A. 2 
At level 3 we have 



|3,1>=C3|0>, |3,2>=C2Ci|0>, \3,3>={CI) |0>, 
|3,4 >= r_i,_2|0 >, |3, 5 >= r_i,_id^|o >, 

|3, 6 >^ (C2C1' - C2C1) |0 > (A.5) 

The first five are similar to the previous one. The last one is of a novel nature 
as it involves (Z^ . The only non trivial part in checking Eq.|A.4| is for Si , since 



[C-r ! 



Su,iC-r- The total result is zero by antisymmetry. The highest 



weights are given by 



3,1> — -^1 



^|3,2> — ^^1 

A|3,4> = 0, A|3_5> 
'^|3,6> = 



{2N) 



A 



3,3> 



3Ai- 



(2N) 



(2JV) 



r(2Af) 

^2 ) 



(A.6) 



where Aj is given by Eq. |A.2| . 
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Clearly, the higher levels are discussed in a similar way. They are con- 
structed from 

a 

applied to the vacuum. The latter gives the highest weight J2rPr- Thus 
the highest weights A^^^^ appears for the level L > Y^iP = p{p + l)/2. 
Therefore, in Eq. |A.4| , the commutator with £n is not trivially zero only at 
level L>{N- l)N/2. For the critical case N = 12, this gives L > 66! 

In general one sees that the search for highest weight states is done by 
arranging the transverse modes is a non covariant way which is very unusual 
in string theory. 



B Derivation of the Jacobi identities 

Using the series expansion of 6 functions one finds, for arbitrary argument 
noted X, 



rTifi half integers 
integers 

Clearly, J2^l''^^l is integer. So the factors (1 ± e*''^^'"'') forces it to be even 
or odd, respectively, and we may write 

- y^o) - et(f, V^o)) = E g„^^^™^^'/^e-S.^(™^)-^ 



2 



rrifi half integers, 
^ ^ rufj, odd 



2 



rriu half integers, 
mil even 



integers, 
^ odd 



lmx,^) + e,{x,^))= E (B.i) 

integers, 
od 



odd 
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The q (or v) to eta (or y) transformation 



Let X = V in the above formula. In the summations, we make the change of 
variables n = Ai.m. Then, 



Consider the range of summations. Explicitly, one has 

Til = 2("^i -m2 + m3- mi), n2 = -jK^'^^i + m2 + ma - 7714), 

ns = 2 ("^1 + + m3 + m4), = ^[-^i - ^2 + ms + 7724). 

By construction, the nii ± m^-'s are integers. One easily sees that rii ± rij 
are integers. Thus the n's are all integers or half integers simultaneously. 
Looking at the above formulae, it is chear that is integer if X)/^ m^ is even, 
and half integer if is odd. Thus the same is true for all n's. Moreover, 

since M.^ = 1, S/^^m = 2m3. Thus it is even for integer m's, and odd for 
half integer m's. The correspondence may be summarised as follows: 



Theta(v) 




rge of m 




rge of n 


Theta(y) 


O3 + O4 


even 


integer 


even 


integer 


O3 + O4 


O3-O4 


odd 


integer 


even 


half integer 


O2 + O1 


O2 + O1 


even 


half integer 


odd 


integer 


O3-O4 


O2-O1 


odd 


half integer 


odd 


half integer 


O2-O1 



This is equivalent to Eqs. [4.17 



The q (or v) to rho (or z) transformation 

Similarly, one lets p = Mm, so that 




2 \ ^ 2 




EpS 



One has, according to Eq.[4.19 



^^1 = 



(mi + m2 — m3 + m4) 



P2 = -("^1 + m2 + m3 - m4) 
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P3 = 2 + m2 + ma + 1714), = -(mi - m2 + ms + nii). 
which may be rewritten as 

pi = -mg + i(^m^), P2 = -mi + h"^m^), 

P3 = -mi + hj^rrif,), P4 = -^2 + m^). 

Clearly the p's are all integer or half-integer simultaneously. If J2n is even 
(resp. odd) they are integer or half integer at the same time (resp. at opposite 
time) as the m's. On the other hand J^fiPfi = The correspondence 

is summarised as follows: 



Theta(v) 




rge of m 




rge of p 


Theta(z) 


63 + 64 


even 


integer 


even 


integer 


63 + 64 


63-64 


odd 


integer 


odd 


half integer 


62-61 


62 + 61 


even 


half integer 


even 


half integer 


62 + 61 


62-61 


odd 


half integer 


odd 


integer 


63-64 



This is equivalent to Eq. |4.19 . 



C The fermion-boson aspect 

In this appendix]^ we show how our extended framework appears in the usual 
fermionisation scheme. The four summations of Eqs. |B.l| are of course, the 
well known four equivalence classes of the weight lattice of 0(8). We denote 
them by A'^''^"''', A*^'')'^''*, A*^"^)"'*, A^^^*^'*, where e o refer to whether Y.^'^^i is 
even or odd, and i and h distinguish the case of integer and half integer 
components. In view of the summary of section 4.5, and looking at Eqs. [B.l| 
one sees that we have the correspondence: 



Theta(v) 


63 + 64 


63-64 


62 + 61 


62-61 


sector 


NS_ 


NS+ 






equiv. class 


^{4)e,i 


^(4)o,i 




^(4)o,ft 



This section was written after a stimulating remark of A. Schwimmer 
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Define on this zero mode lattice a bosonic vertex operator 
V^(z) = e»«^«z^»"V/2exp (- V ^z'A exp (- V 

\ ^0 J \ ^0 ^ 

If t?^ = 1 tliis operator is a world sheet fermion. There are three ways to 
obtain such vectors of length one. 



Choose u with integral components This means that u = Ci for some 
i, where Cj is one of the basis vectors. Then, as is well known0, V^i^z) has 
integer modes in A^^^'* (Ramond sector where V±g^{z)) = V±^{z)) and half 
integer modes in A'^''^* (NS sector where V±g^{z)) = il)^{z)). Clearly 

l^^^(2)A(^)^'' e A(^)°'\ \4-,X^)A^^^°'' e A(^)^'' 
Vs^ (2) A(^)^''^ G A(^)°•^ Vs^ (z) A(^)°'^ G A(^)^''' 



Choose u with half integral components Now, V±^^{z) shifts cxq by 
half integers, so that it exchanges A*^^-** and A^^^'' There are two possible 
choices: 



even number of minus signs: using the unitary symmetric matrix M. 
we derive the orthonormal vectors 



Now 



that is 



u 



VaM {z)A^^^^'' G A(^)"'\ V^m (z) A(^)°'' G A^^)"''^ 
V^M (2)A(4)^'^ G A(^)^'\ V^M (z)A(^)°'^ G AW°'^ 

V^M {z)NS^ G {z)NS+ G i?_ 

V^^ iz)R+ G iV5_, iz)R^ G iVS+ 

Thus one sees that on NS+ and R_, we have V^ai = 5*", which is the well 
known way0 to understand the relationship between NSR and GS formula- 
tion from the fermion-boson correspondence. On the other hand, on the two 
other sectors NS_ and R-i_ ViiM = T". 
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odd number of minus signs: using the unitary symmetric matrix M we 
derive the orthonormal vectors 



u 



EM 



that is 



\/^^(z)A(^)°'^' g A(^)^'' 
V^^iz)NS+ G i?+ 



Thus one sees that on NS+ and R+, we have V^^/ = S"", which is the well 
known way0 to understand the relationship between NSR and GS formula- 
tion from the fermion-boson correspondence. On the other hand, in the two 
other sectors, NS_ and R_ V^m = T°-. 

The features summarised in the present appendix are represented in the 
following figures where the two GSO projections are displayed 




T S 
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